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Abstract

We propose an adaptive non-uniform sampling framework for bandlimited signals based on an algorithm—encoder
co-design perspective. By revisiting the convergence analysis of iterative reconstruction algorithms for non-uniform
measurements, we derive a local, energy-based sufficient condition that governs reconstruction behavior as a function
of the signal and derivative energies within each sampling interval. Unlike classical approaches that impose a global
Nyquist-type bound on the inter-sample spacing, the proposed condition permits large gaps in slowly varying regions
while enforcing denser sampling only where the signal exhibits rapid temporal variation. Building on this theoret-
ical insight, we design a variable-bias, variable-threshold integrate-and-fire time encoding machine (VBT-IF-TEM)
whose firing mechanism is explicitly shaped to enforce the derived local convergence condition. To ensure robustness,
a shifted-signal formulation is introduced to suppress excessive firing in regions where the magnitude of the signal
amplitude is close to zero or the local signal energy approaches zero. Using the proposed encoder, an analog signal is
discretely represented by time encodings and signal averages, enabling perfect reconstruction via a standard iterative
algorithm even when the local sampling rate falls below the Nyquist rate. Simulation results on synthetic signals
and experiments on ultrasonic guided-wave and ECG signals demonstrate that the proposed framework achieves sub-
stantial reductions in sampling density compared to uniform sampling and conventional IF-TEMs, while maintaining
accurate reconstruction. The results further highlight a controllable tradeoff between sampling density, reconstruction
accuracy, and convergence behavior, which can be navigated through adaptive parameter selection.

Keywords: Adaptive non-uniform sampling, time encoding machines, integrate-and-fire models, iterative
reconstruction, bandlimited signals, event-based sampling, algorithm—encoder co-design.

1. Introduction Consider a real-valued, finite-energy signal f(¢) be-
longing to the class of bandlimited signals Bq, ., that

! Sampling theory lies at the heart of modern sig- is,
nal processing and underpins a wide range of tech-

nologies, including digital communications, biomedi- Boye = {f (1) € L’(R) : F(w) = 0 for |w| > Q. |f()] < C} )

cal signal acquisition, imaging systems, and sensing
platforms. By providing a principled bridge between
continuous-time physical signals and their discrete-time
digital representations, sampling theory enables reliable
signal acquisition, processing, storage, and transmis-
sion. Classical results such as the Shannon-Nyquist
sampling theorem establish fundamental conditions un-
der which continuous-time signals can be perfectly re-
constructed from discrete measurements and continue
to guide the design of practical sampling and acquisi-
tion systems [1, 2].
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(1)
where F(w) denotes the Fourier transform of f(7). Ac-
cording to the Shannon—Nyquist sampling theorem, any
signal f(f) € Bq, . can be perfectly reconstructed from
its uniform samples { f(nT)},cz provided that

Ve
Ty < Tnyg = o )

While this condition guarantees perfect reconstruction,
the sampling rate is dictated by the maximum frequency
content of the signal, and is therefore governed by the
worst-case temporal variation.

In many practical scenarios, bandlimited signals ex-
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hibit strong temporal nonuniformity: rapid variations
occur only over short intervals, while the signal remains
slowly varying or nearly flat for most of the observa-
tion duration. Examples include biomedical signals,
acoustic signals, and ultrasonic guided-wave measure-
ments. Uniform sampling at the Nyquist rate in such
cases leads to significant redundancy, motivating the
study of non-uniform and adaptive sampling schemes.
For example, in nuclear magnetic resonance spectrog-
raphy and magnetic resonance imaging, the measure-
ments can be non-uniform, and densities are defined a
priori to achieve specific objectives [3, 4].

In non-uniform sampling (NUS), the signal is mea-
sured at a set of known time instants A = {¢,},ez, pro-
ducing samples {f(#,)}. Classical results show that f(¢)
can be uniquely determined from {f(,)} provided the
sampling set satisfies a density condition, commonly ex-
pressed in terms of the lower Beurling density [5]

D(A) 2 liminfinf AOLTETIS Qo g
T—oo teR T T
However, uniqueness alone is insufficient in prac-
tice. Most reconstruction algorithms for bandlim-
ited signals—particularly iterative methods—require
stronger, algorithm-dependent conditions to guarantee
stability and convergence. Let

T, = ty41 — Iy, “4)

and denote Ty, = sup, T,. In order to ensure the con-
vergence of commonly used iterative reconstruction al-
gorithms, it is typically required that

Tn < Tmax < TNyq, (5)

as shown in [6, 7, 8, 9, 10]. As a consequence, many
non-uniform sampling schemes remain effectively con-
strained by a global Nyquist-type bound on the local
spacing, which prevents them from fully exploiting slow
variations of the signal.

Beyond fixed non-uniform patterns, a large body
of work has investigated signal-dependent or adaptive
sampling strategies, in which sampling locations are de-
termined online from the observed signal. Examples in-
clude level-crossing schemes and various time encoding
machines (TEMs), where samples are generated when
the signal or its filtered versions cross prescribed thresh-
olds; see, for instance, classical level-crossing meth-
ods and integrate-and-fire TEMs for bandlimited sig-
nals [11, 12, 10, 13, 14]. In many of these construc-
tions, the sampling density is primarily driven by signal
amplitude, and rigorous reconstruction guarantees are

again derived under a uniform upper bound on the inter-
sample spacing, typically of Nyquist type. More recent
variants introduce variable bias or threshold in IF-TEMs
to mitigate oversampling [15, 16, 17], yet the underlying
convergence analyses still rely on global spacing con-
straints.

In parallel, “time-stampless” [18, 19], and other
adaptive non-uniform sampling frameworks [20, 21, 22]
have been developed with rate—distortion or energy-
efficiency objectives, but their guarantees are usually
probabilistic or task-specific rather than framed as
operator-theoretic convergence results in Paley—Wiener
spaces.

An alternative sampling paradigm is offered by time
encoding machines (TEMs), which represent signals
through the timing of events rather than amplitude sam-
ples[11,15,23,16,17,12, 10, 13, 14, 24, 25, 26, 27, 28,
29, 30, 31]. In particular, integrate-and-fire TEMs (IF-
TEMs) generate time encodings/ﬁlrings2 {t,} by record-
ing the instants at which the integral of a biased signal
crosses a fixed threshold A, that is,

f " (F) + bydi = A, ©)

n

where b > c ensures positivity of the integrand. This
mechanism yields an event-driven sampling scheme
whose firing rate increases with signal amplitude. Un-
der suitable choices of (b, A), perfect reconstruction of
bandlimited signals from the resulting time encodings
has been established. In the present work, IF-TEMs
serve as a convenient mechanism to construct sampling
sets and associated cell-averages that satisfy a new, lo-
cally defined convergence condition.

Despite their advantages, conventional IF-TEMs suf-
fer from two fundamental limitations that lead to over-
sampling. First, the firing rate is primarily governed
by the signal amplitude rather than by its local tempo-
ral variation. Second, the existing reconstruction guar-
antees require the inter-firing intervals 7, to satisfy a
global Nyquist-type upper bound.

These observations point to a broader limitation of
existing approaches: sampling mechanisms and recon-
struction algorithms are typically designed and analyzed
in isolation. Yet the convergence behavior of iterative
reconstruction operators is governed by local properties
of the signal, suggesting that sampling strategies should
be shaped to enforce these operator-theoretic require-
ments. Within this perspective, we ask the following

2Throughout the paper, the terms time encodings, firings, and sam-
ples are used interchangeably.



question: Is it possible to design a sampling scheme for
bandlimited signals in which the sampling density fol-
lows local signal variation, while still guaranteeing per-
fect reconstruction without enforcing a global Nyquist-
type gap constraint?

In this work, we answer this question by adopting a
reconstruction-driven viewpoint that revisits the conver-
gence analysis of iterative reconstruction algorithms for
bandlimited signals acquired from non-uniform mea-
surements. Instead of imposing a uniform bound on 7,
we derive a local, energy-based sufficient condition for
convergence that depends on the energies of the signal
and its derivative over each sampling interval. This con-
dition permits large inter-sample gaps in slowly varying
regions while enforcing denser sampling only where the
signal exhibits rapid changes.

Building on this theoretical insight, we design
a variable-bias, variable-threshold integrate-and-fire
time encoding machine (VBT-IF-TEM) whose bias and
threshold are adapted as functions of local signal en-
ergies. The resulting firing mechanism produces time
encodings that are sparse in low-variation regions and
dense during rapid transitions. To prevent excessive fir-
ing in low-energy regimes—specifically when the mag-
nitude of the signal amplitude is small, or the local sig-
nal energy is low (that is, |f(f)] = 0)—we introduce
a shifted-signal formulation that ensures stable, robust,
and practically implementable sampling behavior.

Using the proposed VBT-IF-TEM as a core building
block, we develop a non-uniform sampling framework
in which an analog signal is discretely represented as
{t4s Yn}nez, Where 1, are time encodings and

i+l

Yn = OIS )

Iy

are signal averages. We show that the original ban-
dlimited signal can be perfectly reconstructed from
{t,, Vulnez using an iterative reconstruction algorithm,
even when the inter-sample spacing locally exceeds the
Nyquist interval. Importantly, this does not violate the
Nyquist sampling theorem; rather, it replaces a global
sufficient condition with a locally adaptive sufficient
condition for perfect reconstruction.

The main contributions (Section 2) of this work are
summarized as follows.

e We derive a local, energy-based sufficient condi-
tion for the convergence of iterative reconstruc-
tion algorithms for bandlimited signals from non-
uniform samples, replacing the classical global
Nyquist gap constraint with a signal-dependent
bound (cf. Section 2.1).

e We construct a signal-dependent time-encoding
mechanism based on a VBT-IF-TEM model,
whose firing behavior is explicitly designed to en-
force the derived local convergence condition (cf.
Section 2.2). Importantly, the resulting sampling
rates adapt to the local signal variation rather than
signal amplitude.

e To ensure practical robustness, we introduce a
shifted-signal formulation that suppresses exces-
sive firing in regions of low signal amplitude mag-
nitude or low local energy, while preserving per-
fect reconstruction guarantees (cf. Section 2.3).

e We establish that perfect reconstruction of ban-
dlimited signals is possible even when the inter-
sample spacing locally exceeds the Nyquist inter-
val, with theoretical guarantees formalized in The-
orems 1, 2, and 3.

e Through simulations on synthetic signals and ex-
periments on real-world data, including ultrasonic
guided-wave and ECG signals, we illustrate the be-
havior of the proposed scheme and demonstrate
substantial reductions in sampling density com-
pared to uniform sampling and conventional IF-
TEMSs, while maintaining accurate reconstruction
(cf. Sections 3 and 5). Additionally, the results
highlight a tradeoff between the number of sam-
ples and reconstruction accuracy.

e Finally, we present a simple adaptive parameter
selection strategy that dynamically switches be-
tween high- and low-rate sampling regimes based
on instantaneous signal activity, further reducing
sampling redundancy (cf. Section 4).

2. Adaptive Non-Uniform Sampling Approach

In this section, we present an adaptive non-uniform
sampling framework in which a bandlimited signal is
represented by a set of time encodings and correspond-
ing measurements. The key idea is to generate time en-
codings that are dense in regions where the signal varies
rapidly and sparse in regions where the signal varies
slowly.

This section is organized as follows. First, we re-
view the conventional iterative reconstruction algorithm
used in the IF-TEM framework and revisit its conver-
gence analysis. In doing so, we derive an alternative
convergence condition that does not require the classi-
cal Nyquist inter-sample spacing constraint in (5). Next,
we introduce the proposed VBT-IF-TEM, which serves



as a key building block for the adaptive sampling frame-
work. We then discuss the limitations of this formula-
tion and present a modified variant that addresses these
issues. Finally, we combine these elements to formulate
the proposed adaptive non-uniform sampling scheme.

2.1. Iterative Reconstruction and Convergence Analy-
sis

In this subsection, we revisit the iterative reconstruc-
tion algorithm commonly used in the IF-TEM frame-
work and examine its convergence properties in detail.
Our objective is to identify the fundamental bottleneck
that enforces a Nyquist-type sampling constraint and to
reformulate this condition in a manner that enables lo-
cally adaptive sampling.

To proceed, consider the IF-TEM framework de-
scribed in the previous section. From (6), signal aver-
ages are determined from the time encodings {z,} and
the TEM parameters as

T+l

Yn = f@dr = A= b(tysr = 1) ®)

In

To reconstruct the signal from the time encodings or
the averages {y,}, an iterative reconstruction process is
applied [10]. The process uses an operator A defined as

Af@D =) vu 8t =s,) ©)
nez
where g(t) = %?0’) is a sinc function and s, = 4™

denotes the midpoint between consecutive firings.
Let fi(¢), [ € N, be a sequence of bandlimited func-
tions generated by the recursion

Jier = fi+ A = f) (10
with the initial condition fy = Af. If
I - All < e, (11)

where 7 denotes the identity operator, then it follows
that

If = Aill < ™A (12)
Consequently, if @ < 1, the recursion converges and

lim fi(t) = /(0. 13)

We now examine the convergence proof in more de-
tail to identify precisely where a Nyquist-type sampling
constraint arises. For convergence, it suffices to show

that
ITf - AfIF < AllfIP, (14)

for all f € Bq, . with @ < 1. A key step in the proof re-
lies on Wirtinger’s inequality (cf. Appendix B in [10]),
applied to the partial norm ft f"“ Lf(®) — f(s,)*dt. This
yields the bound

In+1 5 T2 In+1 )
[T feafars 5 [ irope as)
A In

Summing over all firing intervals and using the uni-
form bound T, < Tnax gives

Tn+1 T2
> [ - ssaPar = irp - P < 22
nezZ ¥

(16)
where A" denotes the adjoint of A, and f” is the first-
derivative of f. Applying Bernstein’s inequality || f||> <
Qgllf1I* and using ||All = LAl we obtain

T

maxQ 2
W2 f—AfI* < (T 0) 1A% a7

ST Tonax
This implies @ = =222 and therefore convergence re-

quires Tmax < Tnyg = QLO This condition explains why
existing reconstruction guarantees enforce a sampling
rate above the Nyquist rate.

To relax this global constraint, we next introduce the
following quantities:

en(t) = f lf@lPdu, du(t) = f If'@Pdu, (18)

and define E, = ¢,(t,;,1) and D,, = d,(t,.1) as the ener-
gies of the signal and derivative, respectively, over the
interval T,,.

With this notation, the right-hand side of (15) can be

T? .. .
expressed as ”—gDn. For convergence, it is sufficient that

T2
Zﬂ—;’Dn SaZE,,, (19)

nez nez

for some @ < 1. A sufficient local condition ensuring
2
this inequality is %Dn < E,, which equivalently yields

[E
T, | 20
<7\'D, (20)

This condition reveals that larger inter-sample gaps
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Figure 1: Framework of the proposed VBT-IF-TEM

are permissible in regions where the signal variation
is small, while denser sampling is required when the
derivative energy is large compared to the signal’s en-
ergy. Consequently, the inter-sample spacing 7, may
locally exceed the Nyquist interval in slowly varying re-
gions without compromising convergence.

In the following, we design a variable-bias, variable-
threshold IF-TEM that generates time encodings satis-
fying the local convergence condition in (20), thereby
enabling adaptive non-uniform sampling with perfect
reconstruction guarantees.

2.2. Variable-Bias-Threshold IF-TEM

Figure 1 illustrates the proposed variable-bias—
threshold IF-TEM framework. After each firing at time
t,, the bias and threshold are updated to b, (f) and A, (?),
respectively, such that b,(¢) + f(f) > 0 and A,(¥) > 0
for all ¢ € [t,,1,+1]. Following the firing at #, and the
subsequent integrator reset, the signal f(¢) + b,(¢) is in-
tegrated and compared against the threshold A, (7). The
next firing time #,;, therefore satisfies

fﬁqm+mmm=mmm. @1

We now examine how the encoding interval T,, = £, —
t, can be controlled within this framework. This analy-
sis directly informs the design of the bias and threshold
functions to achieve the desired signal-dependent sam-
pling pattern while ensuring convergence of the iterative
reconstruction algorithm.

Since the local convergence condition in (20) requires
an upper bound on 7, we focus on bounding the inter-
firing interval generated by the VBT-IF-TEM in Fig. 1.
The firing interval is maximized when the integrand
f(@) + by(¢) attains its minimum value. Let by min =
miNer, 1.1 bx(1). Then, by noting that —c < f(¢) for
all ¢, we obtain

T < A (tn+1) (22)

n <
bnmin_c

Unlike the upper bound in a conventional IF-TEM,
which is given by A/(b — ¢) and remains constant across
firing intervals, the bound in (22) varies with n. By
equating this bound to the local convergence condition
in (20), we obtain signal-dependent time encodings that
enable perfect reconstruction.

The following theorem summarizes the first main re-
sult of this section.

Theorem 1. Let f(t) € Bq,. be a bandlimited sig-
nal. Consider a variable-bias-threshold IF-TEM sam-
pling as shown in Fig. 1. The signal can be perfectly
reconstructed from the time encodings {t,} generated by
the approach, provided that the bias and thresholds are
chosen as follows:

b,(t)=c+ ; A1) =

1
nNae, ) \d,(6) + Bes(D)

(23)

where @ € (0,1) and B > 0 are user-defined positive
scalars.

Proof. To prove the theorem, let us first focus on the
minimum value of the bias b,(¢). Since ¢,(t) is mono-
tonically increasing, the bias is a decreasing function,
and its minimum value occurs at t+ = t,;,. Hence,
bymin = € + —E Next, consider the upper bound on
T, in (22). For the choices of bias and threshold, the
bound is given as

A (tn+1) n
T, < —~ ,/ 24
bn min — D +ﬁE <7 ( )

where the last inequality stems from the fact that D, +
BE, > D,, and 0 < @ < 1. Hence, the proposed sam-
pling scheme results in signal-variation-dependent en-
codings that also satisfy the desired condition for the
iterative algorithm to converge. O

For reconstruction, the iterative algorithm uses the
signal averages, which can be expressed using (21) as

Tn+1

Y = ﬂMmmmm—fMMML<%)

ty

Here are a few remarks regarding the implications of
Theorem 1.

Remark 1. No explicit upper bound is imposed on the
maximum gap between firing instances. In other words,
T, may exceed Tyy, unlike in conventional sampling
and IF-TEM approaches. The admissible magnitude of



T, depends on the local signal variations captured by
E, and D,,.

Remark 2. 7o illustrate the dependence of the firing
rate on signal variation, consider a single-tone signal
f(@®) = Agcos(Qt), where Ag < ¢ and Q,, < Q. Al-
though this signal is not of finite energy, it serves as a
useful example for understanding firing behavior. For
this signal, e, (t) and d,(t) are given by

2=ty 581N 20t — sin 2Q,,t,,
en(t) = A > + Ap 20,

20t =1y 23 SIN2Q,t —sin 2Q,,t,,
d, (1) = A2, 7~ A, a0,

(26)

We regard the signal as varying rapidly when the prod-
uct AgQ,, is large. This is intuitive: increasing ei-
ther the amplitude or the frequency results in faster
signal variations. Substituting (26) into (23), we ob-
serve that for a fixed frequency, increasing the ampli-
tude decreases both the bias and the threshold, with
the threshold decreasing more rapidly. This leads to
smaller inter-firing intervals T, and hence a higher fir-
ing rate. Similarly, for a fixed amplitude, increasing the
frequency decreases the threshold and increases the fir-
ing rate. These observations confirm that the proposed
firing mechanism adapts to local signal variation.

The Oversampling Issue: Despite these desirable prop-
erties, the proposed formulation may result in excessive
firing when the signal exhibits negligible variation. In
particular, when the magnitude of the signal amplitude
is very small, both b, (¢) and A, () grow large, with the
bias term increasing more rapidly than the threshold.
This behavior can result in frequent firings even in re-
gions where the local energy satisfies e, (f) ~ 0, which
is equivalent to | f(¢)| = 0.

To mitigate this issue, one may consider introducing
regularization constants into the bias and threshold defi-
nitions to prevent unbounded growth. For example, con-
sider the modified choices

1
by(t) =c+ ——,
7T e, (1) + ¥?
o @7)
An(t) = ’
(o) + Ben(®) + 3

where y1,y, > 0. Under this modification, when the
signal variation is negligible, the bias and threshold ap-
proach the finite values ¢ + 1/y; and 1/y,, respectively.
As aresult, the firing interval in such regions is bounded

by T, < ﬁ For a fixed v, choosing a small value
of y, keeps the threshold large and leads to sparse firing
in low-amplitude regions.

However, it is not immediately clear whether these
modified bias and threshold functions preserve the per-
fect reconstruction guarantees established earlier. In the
following subsection, we propose a principled solution
that resolves this issue.

2.3. VBT-IF-TEM with Biased Signal

To address the oversampling behavior discussed in
the previous subsection, which arises primarily when
the local energy term e, (f) becomes very small, we in-
troduce a constant shift s > ¢ to the signal f(¢) such that
f(@®) + s > 0 for all «. Specifically, we define the shifted
signal f(r) = f(t)+s, and correspondingly introduce the
energies of the shifted signal and its derivative as

én(l)=f|f(u)|2du, and dn(l)=f|f'(u)|2du,
" " (28)

respectively, with E, = &,(t,s)) and D, = J,,(t,,+1).

Since f(r) > 0 by construction, it follows that &,(f) >
0 for all # > 1,. Consequently, the bias term b, () and
the threshold A,(7), as defined in (29), remain finite for
all sampling intervals. This shifted-signal formulation,
therefore, effectively mitigates excessive firing in low-
energy regimes while preserving the theoretical guaran-
tees of the sampling framework.

The following theorem summarizes the main theoret-
ical result of this paper.

Theorem 2. Let f(t) € Bq, . be a bandlimited signal.
Consider a variable-bias-threshold IF-TEM sampling
as shown in Fig. 1. The signal can be perfectly recon-
structed from the time encodings generated by the ap-
proach, provided that the bias and thresholds are cho-
sen as follows:

1 1
bn(t) =Cc—5+ R — An(t) B Soa—
T \aé,(t) Jn(t) +ﬁén(t)

(29)

where a € (0,1) and B > 0 are user-defined positive
scalars.

Proof. To prove the theorem, let us first focus on the
minimum value of the bias b,(f). Since E,(¢) is mono-
tonically increasing, the bias is a decreasing function,
and its minimum value occurs at t = f,,;. Hence,
bpmin = ¢ — s + L Also, since f(t) > 5 — ¢, the

ek,




upper bound on 7, is bA"_('—”*‘iC. For the choices of bias

and threshold, the bound is given as

At E E
T,,sﬂzn 2 a2 Go)
bn,min +s5—c Dn +ﬂEn Dn

where the last inequality stems from the fact that D, +
BE, > D,,and 0 < @ < 1. Hence, we now have

If = AfI* < allfiP. (31)

We note that this provides reconstruction guarantees for
f (1); however, by definition, removing the constant off-
set s allows us to perfectly recover f(¢) from the time
encodings. O

With the additional signal shift, the proposed sam-
pling scheme retains all the desirable properties estab-
lished in Theorem 1, while avoiding excessive firing
when the signal amplitude is small. This behavior can
be verified by reconsidering the single-tone example
discussed in Remark 2. To further illustrate the effect
of the signal shift, Fig. 2 compares the firing patterns of
the VBT-IF-TEM with and without the shift for a rep-
resentative bandlimited signal. We note that the firings
have been reduced from 396 to 51 by adding a bias.

As anticipated from the analysis in Remark 2, the
unshifted formulation exhibits excessive firing in low-
energy regimes, particularly in regions where the mag-
nitude of the signal amplitude is small. In contrast, in-
troducing the shift controls the growth of the bias term
b, (1), thereby significantly reducing the firing rate in
such regions while preserving dense sampling in regions
of high signal variation.

To further elucidate the behavior of the proposed
scheme and to quantify the dependence of the firing rate
in response to signal variation, we consider the follow-
ing two representative scenarios.

e Signal with low variation: In this case, both the
signal and its derivative are negligible over the
interval T,,. Mathematically, this corresponds to
D, — 0and f(r) — 0, which implies f(r) — s.
Substituting into (30), we obtain

TEY < 7 \/g = Tnax. (32)

This bound indicates that when the signal variation
is negligible, the firing intervals are large and can
be controlled through appropriate choices of @ and

B.

e Signal with large variation: In this scenario, both
the signal amplitude and its derivative are signifi-
cant. Specifically, we consider f'(f) — ¢ and
f(t) = ¢, which implies f(t) — s + ¢. Substituting
into (30), we obtain

a(s + c)?

pHigh _ ’
noos ”\/ﬁ(s 02 + ()

a (s +0)2B
- ”\/% \/(090)2 corop

Here, T,fﬁgh denotes the inter-firing interval in re-
gions of high signal variation.

The upper bound in the high-variation regime is
tighter than that in the low-variation case, which is
consistent with the desired behavior of increased
firing density during rapid signal changes. More-
over, the bounds in (32) and (33) can be controlled
through suitable choices of a, 8, and s, providing
explicit tuning of the sampling density across dif-
ferent signal regimes.

With the biased VBT-IF-TEM, the local convergence
condition is satisfied, and excessive firing is effectively
suppressed in low-energy regimes where the magnitude
of the signal amplitude is small. We then formalize an
adaptive non-uniform sampling representation based on
the resulting time encodings and signal averages.

2.4. Proposed Adaptive Non-Uniform Sampling

The proposed non-uniform sampling approach is
built upon the VBT-IF-TEM framework discussed in the
previous subsections. The output of the TEM consists
of the time encodings {z,}. However, for signal recon-
struction using the iterative algorithm, the signal aver-
ages {y,} in (25) are also required.

In a conventional IF-TEM with constant bias and
threshold, the signal averages can be recovered from
the time encodings using (6) as A — b(t,+1 — ). In
contrast, when the bias and threshold vary across fir-
ing intervals, recovering the averages during reconstruc-
tion requires knowledge of the corresponding bias and
threshold functions. To avoid this additional overhead,
we compute and store the signal averages directly dur-
ing the encoding process as shown in Fig. 1. This leads
to the following result.

Theorem 3 (Adaptive Non-Uniform Sampling). Let
f(@) € Bq, . be a bandlimited signal, and let {t,} denote
the time encodings generated using the VBT-IF-TEM
with biased signal as in Theorem 2. Then the signal can
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Figure 2: A comparison of firings of VBT-IF-TEMs (a) without shift
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Figure 3: Different firing rates in different regions

be discretely represented as {yy, t,}ncz, Where the sig-
nal averages y, are determined using (25). Moreover,
the signal can be perfectly reconstructed from these dis-
crete measurements using the standard iterative recon-
struction algorithm.

While the VBT-IF-TEM produces only time en-
codings, the proposed adaptive non-uniform sampling
framework additionally encodes signal averages; this
distinction enables reconstruction using the discrete rep-
resentation {t,, y,}.

To gain further insight into the proposed adaptive
sampling strategy, we analyze its behavior on a repre-
sentative signal exhibiting four distinct regions of vari-
ation, as illustrated in Fig. 3. This example allows us to
examine how the firing rate, computed as 1/7,, adapts
to changes in signal amplitude and local frequency con-
tent. As expected, the firing rate remains low in regions
of low amplitude and low variation, and increases sig-
nificantly as the signal amplitude and local frequency
increase. Notably, in certain regions, the firing rate falls
below the Nyquist rate without compromising perfect
reconstruction. In this example, the sampling parame-
ters used are @ = 0.7, 8 = 2450, ¢ = 1, and s = 3c. The
proposed method uses 95 samples, compared to 90 sam-
ples required by uniform sampling at the Nyquist rate,
and the resulting reconstruction achieves a normalized
mean squared error (NMSE) of —52.24 dB.

2.5. Related Work

In this subsection, we position the proposed frame-
work within the broader literature on non-uniform sam-
pling and reconstruction of bandlimited signals, with an
emphasis on the theoretical convergence guarantees es-
tablished in Theorems 1, 2, and 3.

Irregular sampling and reconstruction. Early work on
irregular sampling primarily focused on the sampling
Jjitter model, where uniform sampling locations are per-
turbed by small timing errors [32, 33, 34]. A seminal
contribution by Duffin and Schaeffer [32] established
a frame-based reconstruction framework for such sam-
pling patterns. Subsequent works extended these ideas
to more general non-uniform sampling sets and iterative
reconstruction algorithms [7, 35]; see [36] for a compre-
hensive review.

Several studies have also considered reconstruction
from signal averages rather than pointwise samples
[35, 37, 38, 36], which forms the mathematical basis
for IF-TEM reconstruction. In these approaches, con-
vergence of the iterative algorithm is guaranteed under
a global Nyquist-type constraint on the maximum inter-
sample spacing, as expressed in (5). A related line of
work investigates accelerating convergence by oversam-
pling, showing that enforcing Tmax < Tnyq/m yields a
convergence factor of @™, where m € N [35, 7, 39].

Adaptive and signal-dependent sampling. Adaptive
sampling schemes based on level crossings have been
widely studied, wherein samples are acquired at time
instants when the signal crosses predefined amplitude
levels [40, 41, 42, 43, 44, 45]. For a fixed set of lev-
els {Ak}f: |» the signal is represented by time instants
{tx.n} satisfying f(tx,) = Ag. While increasing the num-
ber of levels results in denser sampling, the sampling
density depends strongly on the level placement within
the signal’s dynamic range. Although the uniqueness of
reconstruction can be ensured when the crossing den-
sity exceeds the Nyquist rate [40, 43], explicit con-
ditions ensuring convergence of iterative reconstruc-
tion algorithms—particularly guarantees analogous to
(5)—remain largely unexplored.

In practice, when a signal remains between two suc-
cessive levels for extended durations, inter-sample gaps
may become arbitrarily large. Whether such sampling
patterns satisfy the requirements for stable reconstruc-
tion is generally unclear. Some works attempt to reg-
ulate the crossing density by adding auxiliary signals,
such as ramps [46], but a systematic link between signal
variation and reconstruction guarantees remains miss-

ing.



Nonlinear transformations and varying-bandwidth
models. Alternative approaches to non-uniform sam-
pling include nonlinear transformations [47, 48] and
models with time-varying bandwidth [49, 50, 51, 52].
For example, [47] proposes a nonlinear mapping that
converts non-uniform samples { f(#,)} into uniform sam-
ples of a transformed bandlimited signal. Similarly,
time-varying bandwidth models allow local adaptation
of sampling density. However, these methods rely on re-
strictive signal models or transformations, limiting their
applicability. In contrast, the proposed framework ap-
plies to all bandlimited signals without imposing addi-
tional structural assumptions.

IF-TEM with variable bias. Recent works on IF-TEMs
with variable bias have demonstrated that adapting the
bias can reduce oversampling relative to fixed-bias de-
signs, while the firing rate remains primarily propor-
tional to the signal amplitude [53, 54]. In contrast,
the present work generalizes the IF-TEM paradigm by
jointly adapting both the bias and the threshold as func-
tions of local signal energies. This design explicitly
links firing behavior to signal variation and is theoret-
ically grounded in local convergence guarantees for it-
erative reconstruction.

Summary. In summary, while prior work has addressed
irregular sampling, adaptive acquisition, and IF-TEM
encoding from different perspectives, the proposed
framework uniquely integrates a local, energy-based
convergence analysis with signal-dependent time en-
coding. This integration enables adaptive non-uniform
sampling with rigorous reconstruction guarantees that
do not rely on a global Nyquist-type constraint.

3. Simulation Results

In this section, we compare the proposed adaptive
non-uniform sampling method with two baseline ap-
proaches: (i) uniform sampling at or above the Nyquist
rate, and (ii) a conventional IF-TEM (C-IF-TEM) with
fixed bias and threshold. For all methods, signal recon-
struction is performed using signal averages and the it-
erative reconstruction algorithm described earlier.

In all experiments, we consider bandlimited signals
with finite temporal support, such that the signal is neg-
ligible outside the observation interval. Performance is
evaluated in terms of the number of samples (#S) and
the normalized mean-squared error (NMSE), defined as

I£(t) - f()lP?

NMSE (in dB) = 101log FOE

(34)

where f (#) denotes the reconstructed signal. For recon-
struction and NMSE evaluation, both f() and f(t) are
evaluated on a fine uniform time grid.

We consider two classes of bandlimited signals: a
chirp-like signal and a sum-of-sincs (SoS) signal. These
signal classes capture key characteristics of practical
signals, including strong temporal nonuniformity and
localized regions of high variation.

3.1. Chirp Signal

We first consider a chirp-like bandlimited signal,
which is particularly well-suited for demonstrating the
benefits of adaptive sampling. Such signals exhibit
pronounced temporal nonuniformity, consisting of ex-
tended intervals of slow variation interspersed with
short bursts of rapid change. This structure allows
sparse sampling in low-activity regions, while the
rapidly varying segments dictate the overall bandwidth.

The test signal is constructed as a bandlimited wave-
form via sinc interpolation, where the interpolation co-
efficients are modulated by a slowly varying envelope
multiplied by a nonlinear chirp. This results in local-
ized bursts of high temporal variation within an other-
wise smooth signal. Specifically, the signal is generated
as

£ = i e sinc(2F0 (t —mT, + %T)) (35)
m=1

Fo=100Hz, T, M = 130,

= 2_1;‘0’
m2.l
€ = Sin(27 X 0.005 m) sin(27r x 0.081 W) ,

t € [~Tmax> Tmax)s  Tiax =045 s.

By definition, sinc(x) = sin(mx)/(7x), and the signal
amplitude is normalized to satisfies |f(¢)] < ¢ = 1. For
this experiment, the parameters of the proposed method
are set to @ = 0.5, B = 5600, and s = 4.2, while b = 1.3
and A = 0.0015 were chosen for the C-IF-TEM. These
parameters are selected to yield the lowest NMSE for
each method.

Fig. 4 compares the reconstruction results and sam-
pling patterns obtained using uniform sampling, C-IF-
TEM, and the proposed adaptive method. We point
out that, in all our experiments, the reconstruction used
for uniform sampling is sinc interpolation, and the it-
erative reconstruction method is used for the other two
sampling schemes. Several observations can be made.
First, all methods achieve high reconstruction accuracy,
with NMSE values below —50 dB. Second, both uni-
form sampling and the proposed method require sub-



stantially fewer samples than C-IF-TEM. Third, the
sampling density of the proposed method adapts to the
local signal variation and can fall below the Nyquist rate
in low-activity regions.

Within the observation interval, the proposed method
uses 169 samples, compared to 180 samples required
by uniform Nyquist sampling. In practice, the proposed
method requires storing both time encodings and sig-
nal averages, resulting in 2 X 169 measurements. This
modest increase in measurement count comes with the
advantage of eliminating the need for a global clock and
the ability to sample below the Nyquist rate in extended
low-activity regions, which can yield significant savings
in applications characterized by sparse signal activity.

3.2. Sum-of-Sincs Signal

We next evaluate the proposed method using a sum-
of-sincs (SoS) signal, which provides a natural and flex-
ible representation of bandlimited signals. This formu-
lation enables the construction of signals with multiple
regions of distinct bandwidths and varying degrees of
temporal activity.

For the simulations, the signal is generated as a non-
overlapping linear combination of sinc functions with
different bandwidths, given by

f@O =0+ LE-1)+ fot + 1), (36)
where
N
filt) = Z CensIncRFL(t — nTy)), for k = {1,2},
I‘l=—Nk

with Ty = 0.6 ms, T, = 04 ms, 7 = 0.15s, N =
50, N, = 100, ¢k, ~ Uniform(-0.5,0.5), F; =
50Hz, F, = 20Hz. The resulting signal is normal-
ized to unit amplitude and truncated to the interval
[-0.45, 0.45] s. It consists of three distinct regions: the
first and last segments are dominated by slowly varying
components with a bandwidth 20 Hz, while the middle
segment is a faster signal with a bandwidth 50 Hz.

Fig. 5 shows the signal, its reconstructions, and the
corresponding firing patterns. Consistent with the chirp
experiment, the proposed method’s sampling density in-
creases with the local signal’s amplitude and frequency
content. We use the parameters of the proposed method
are setto @ = 0.45, 8 = 2400, and s = 3, while the C-IF-
TEM parameters are chosen as b = 1.2 and A = 0.0015.

To obtain statistically meaningful results, we evalu-
ate the methods over 100 independent SoS signals. The
average NMSEs and sampling rates are reported in Ta-
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Table 1: Comparison of sampling strategies

Sampling Type Number of Samples NMSE Error (dB)
Uniform Sampling 90 —44.76
Conventional IF-TEM 731 -55.70
Adaptive-NUS 96 -59.74

ble 1, and closely match the behavior observed in indi-
vidual trials.

We next examine the convergence behavior of the it-
erative reconstruction algorithm. Since the proposed
method relies on locally adaptive convergence condi-
tions rather than a global bound, a slower convergence
rate is expected compared to C-IF-TEM. Fig. 6 shows
the average NMSE across 100 SoS signals as a function
of iteration count.

As anticipated, the proposed method requires more
iterations to converge. However, this increased itera-
tion count is accompanied by a substantial reduction
in the number of samples. Specifically, C-IF-TEM re-
quires approximately 731 samples on average, whereas
the proposed method achieves comparable reconstruc-
tion accuracy with only about 96 samples on average.
Increasing the number of iterations beyond the values
shown in Fig. 6 does not alter the final reconstruction
error, confirming that the observed behavior reflects
a tradeoff between sampling density and convergence
speed rather than a loss of reconstruction fidelity.

Finally, we investigate the effect of the hyperparam-
eters @ and 8 on performance. Fig. 7 shows the aver-
age NMSE and number of samples across 100 signals
for different parameter choices. Larger values of 8 and
smaller values of @ generally yield lower NMSE, but at
the cost of increased sampling density.

These results highlight a fundamental tradeoff be-
tween reconstruction accuracy and the number of sam-
ples. In the next section, we explore whether this trade-
off can be further improved through adaptive parameter
selection.

4. Adaptive Selection of @ and 8

In this section, we present a simple adaptive mech-
anism for selecting the parameters @ and S in the
proposed adaptive non-uniform sampling (or VBT-IF-
TEM) framework. The objective is to demonstrate how
adaptive parameter selection can further improve sam-
pling efficiency by aligning the sampling density with
the instantaneous behavior of the signal.

As indicated by the inter-sample interval bounds in
(32) and (33), the sampling behavior of the proposed
scheme is explicitly governed by the parameters @ and
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B. Increasing « relaxes the admissible inter-sample in-
terval and reduces the number of generated samples,
whereas increasing 8 tightens this bound and leads to
a higher sampling density. This intrinsic tradeoff can
be exploited to design a more adaptive and robust sam-
pling mechanism that responds to local signal charac-
teristics, thereby reducing the overall sampling burden
while maintaining reconstruction accuracy.
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100 SoS signals, illustrating the tradeoff between reconstruction accu-
racy and sampling density as functions of {«, 8}.

In many practical signals, large temporal regions ex-
hibit little variation. While the current approach demon-
strates strong performance, the use of fixed sampling
parameters (a, 8) over the full signal duration results in
sampling of low-variation regions, contributing to addi-
tional redundancy and an increased sample count.

To further enhance performance, we propose a fwo-
level adaptive sampling strategy in which the param-
eters («, ) are adjusted online based on instantaneous
signal activity. We emphasize that this strategy repre-
sents only one possible approach for adapting « and S3;



alternative adaptation rules, switching criteria, or multi-
level extensions can be developed depending on the sig-
nal characteristics and application requirements. The
present formulation is chosen for its simplicity and its
ability to clearly illustrate the benefits of adaptive pa-
rameter selection.

Specifically, two parameter sets, (@1,,81) and (a3, 5,),
are defined to correspond to high-rate and low-rate sam-
pling regimes, respectively. The switching mechanism
is driven by monitoring the magnitude of the product
|f(®) f/(®)| in real time. When this quantity exceeds a
prescribed threshold J, indicating a region of significant
variation, the sampler operates in the high-rate mode us-
ing (a1,B1), where a; is small and B; is large. Con-
versely, when |f(z) f'(¢)] < 0, the sampler switches to
the low-rate mode with (a5, 3»), where «; is larger and
B2 is smaller, resulting in substantially reduced sam-
pling density in slowly varying or flat regions.

Importantly, this adaptive modification does not al-
ter the reconstruction algorithm, which remains identi-
cal to the fixed-parameter case. Consequently, the con-
vergence guarantees of the reconstruction process are
preserved, and perfect signal recovery remains possible
without requiring any global upper bound on the inter-
sample interval.

We evaluate the proposed adaptive strategy using the
chirp bandlimited signal considered earlier. For these
experiments, the parameters are set to (a; = 0.09, B, =
2300) for the high-rate mode and (a; = 0.9, 8, = 10)
for the low-rate mode, together with 6 = 6 X 10°%¢c=1
and s = 4.2¢. The threshold ¢ is chosen to be sufficiently
small to ensure that the sampler switches to the low-rate
regime only in regions where the signal exhibits negli-
gible variation.

The reconstructed signal and the corresponding firing
density are shown in Fig. 8. As evident from the firing
density plot, the sampling rate becomes extremely low
in regions where the signal exhibits little or no varia-
tion, while increasing appropriately during periods of
rapid change. Using this adaptive parameter strategy,
the number of samples is reduced to 136, compared to
169 samples in the fixed-parameter adaptive scheme (cf.
Fig. 4(c)). For most parts of the signal, the sampling rate
remains below the Nyquist rate, with negligible sam-
pling in flat regions. This reduction in sampling density
comes at the cost of a modest increase in reconstruc-
tion error, with the NMSE increasing from —54 dB to
—42.15 dB, where most of the error contribution arises
from flat signal regions.

Finally, the proposed framework naturally admits fur-
ther extensions. Additional parameter pairs («;,8;) and
alternative switching rules may be incorporated in a sys-
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Figure 8: Sampling and reconstruction using Adaptive-NUS with
adaptive parameter selection; #S = 136; NMSE = —42.15 dB.

tematic manner, enabling finer adaptation to signal dy-
namics and allowing the sampling scheme to be tailored
to a broad range of signals and application scenarios.

5. Practical Applications

In this section, we demonstrate the applicability of
the proposed adaptive non-uniform sampling frame-
work to practical signal acquisition scenarios. We
focus on two representative applications: ultrasonic
guided-wave signals used in structural health monitor-
ing (SHM) and electrocardiogram (ECG) signals.

5.1. Ultrasonic Guided-Wave Signals

Motivated by recent developments in compact
guided-wave-based SHM systems, we consider the
ultrasonic pipeline monitoring framework reported
in [55]. The experimental setup consists of a 4-inch-
diameter steel pipe instrumented with eight torsional
ultrasonic guided-wave transducers arranged circumfer-
entially around the pipe. Each transducer is mounted
using a 10 mm X 10 mm ring structure and can operate
either as an actuator or as a sensor.

Damage assessment in such systems is typically per-
formed by comparing the signals received at the trans-
ducers with a baseline signal acquired from the same
structure under pristine conditions. Deviations between
the received and baseline signals are interpreted as indi-
cators of potential structural anomalies.

We apply the proposed adaptive non-uniform sam-
pling methodology directly to the guided-wave signals
recorded by the receiving transducers, with the objec-
tive of reducing the sampling burden while preserving
the signal characteristics required for reliable baseline
comparison. For this experiment, the guided-wave sig-
nal has a bandwidth of 1.2 x 10° Hz. The VBT-IF-TEM
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parameters are set to @ = 0.145, 8 = 1.999 x 1010,
s=42,andc=1.

Fig. 9 illustrates the performance of the proposed
scheme for ultrasonic guided-wave signals. The sig-
nal is sampled at a rate well below the Nyquist thresh-
old while still allowing accurate reconstruction. Specif-
ically, the adaptive sampling process generates 1856
samples, compared to 1966 samples required by uni-
form Nyquist sampling over the same duration. Despite
this reduction in sampling density, the reconstructed sig-
nal achieves an NMSE of —42.68 dB, indicating high
reconstruction fidelity.

These results highlight the ability of the proposed
adaptive sampling framework to exploit local signal
structure, enabling sub-Nyquist sampling while main-
taining accurate signal reconstruction in practical SHM
applications.

5.2. ECG Signals

We next evaluate the proposed VBT-IF-TEM frame-
work on ECG signals, which are characterized by strong
temporal structure and extended intervals of low activ-
ity interspersed with brief, high-variation events. These
properties make ECG signals particularly well-suited
for adaptive sampling strategies.

In this experiment, the ECG signal has a bandwidth
of 100 Hz, and the VBT-IF-TEM parameters are set
toa = 015 g = 5600, s = 3.2, and ¢ = 1.0.
These results further demonstrate the effectiveness of
the proposed adaptive framework for biomedical sig-
nals, where substantial temporal redundancy can be ex-
ploited to achieve efficient sampling without compro-
mising reconstruction quality. Fig. 10 illustrates the ap-
plication of the proposed scheme to an ECG signal. Due
to the piecewise-smooth nature of the waveform, the
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Figure 10: Sampling and reconstruction of an ultrasonic guided-
wave signal using the Adaptive-NUS method; #S = 1837; NMSE
= —-32.45dB.

adaptive sampler assigns a higher sampling density to
regions of rapid temporal variation, such as the QRS
complexes, while significantly reducing the sampling
density in flatter segments. As a result, the proposed
method generates 1837 samples over the signal dura-
tion, compared to 2000 samples required by uniform
Nyquist sampling. Despite this reduction in sampling
load, the reconstructed ECG signal achieves an NMSE
of —32.45 dB, indicating accurate recovery under sub-
Nyquist sampling conditions.

6. Conclusion

We presented an adaptive non-uniform sampling
framework for bandlimited signals based on a locally
adaptive sufficient condition for perfect reconstruction.
By revisiting the convergence analysis of iterative re-
construction algorithms, we derived a local, energy-
based bound that relaxes the need for a global Nyquist-
type constraint and permits larger inter-sample intervals
in slowly varying signal regions.

Guided by this analysis, we developed a variable-
bias, variable-threshold integrate-and-fire time encod-
ing machine that generates signal-dependent time en-
codings while preserving reconstruction guarantees. A
biased-signal formulation was introduced to suppress
excessive firing in low-energy regimes where the mag-
nitude of the signal amplitude is small. Simulations
and real-world experiments demonstrated that the pro-
posed framework reduces sampling density compared
to uniform sampling and conventional IF-TEMs while
maintaining accurate reconstruction, and an adaptive
parameter selection strategy illustrated how the sam-
pling—accuracy tradeoff can be navigated in practice.
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